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Abstract—The criteria to identify the limb architectures
suitable for Parallel Wrists (PWs) will be reviewed. Special
attention will be paid to the use of the screw theory and of
displacement groups. The relationship between the limb
architecture and the resulting PW mobility will be discussed.
Index Terms—Parallel wrist, limb, mobility analysis, screw,
displacement group.
I. INTRODUCTION
ARALLEL WRISTS (PWs) are parallel manipulators with
three degrees of freedom (dof) where the end-effector
motion can only be spherical. In PWs, the end effector is
connected to the frame through a number, n, of kinematic
chains (limbs).
For long time, there have been only two architectures of
PWs diffusely studied in the literature: the 3-RRR wrist [1-4]
and the S-3UPS wrist [5,6]. The 3-RRR wrist (Fig. 1) has
three limbs of type RRR (R stands for revolute pair) with all
the revolute pair axes converging towards a single point of the
frame (the center of the end-effector spherical motion). The S-
3UPS wrist (Fig. 2) has three limbs of type UPS (U, P and S
stand for universal joint, prismatic pair and spherical pair,
respectively) and a fourth limb that is constituted by a
spherical pair that directly connects the end effector and the
frame.
Figure 1: The 3-RRR wrist
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Then, since 2000 [7], the interest for PWs has increased by
following the increasing attention that the academic and
industrial worlds paid to the parallel manipulators with lower
mobility. This renovated interest for the PWs made a lot of
new PW architectures appear on the literature (see for instance
[7-15]). The analysis of this literature reveals that there are
many techniques to generate limb architectures suitable for
PWs. Such techniques can be collected into three sets: (i) the
ones that use the screw theory, (ii) the ones that use group
theory, and (iii) the ones that use other techniques less general
than screw and group theories.
In the following sections, these approaches to the problem
of identifying PW limbs will be presented and discussed.
II. USE OF THE SCREW THEORY
II.A. Basic Concepts
By introducing a reference point O (pole), a straight line,
(P,u), passing through a point P and with the direction of the
unit vector u, and two scalar coefficients, named q (intensity)
and p (pitch), whose product, k (= q p), is always a finite real
number, a screw can be geometrically defined as the following
six-dimensional vector:
ˆ q
p ( )
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Figure 2: The S-3UPS wrist
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The set of screws with the same pole, O, constitute a vector
space where the rules of the sum of two screws can be
immediately deduced from the ones of the sum of two three-
dimensional vectors.
According to the physical meaning given to q and to the
line (P, u), a screw can represent either a rigid-body motion
(in this case the screw is named twist) or a system of forces (in
this case the screw is named wrench).
If q is the signed magnitude of an rigid-body angular
velocity, ω, that is equal to q u, and the line (P, u) is the
instantaneous screw axis of an infinitesimal motion, the screw
(twist) will represent the instantaneous motion of a rigid body
since it has the following kinematic meaning:
t
O
ˆ ⎡ ⎤= ⎢ ⎥⎣ ⎦
ω
$
v
(2)
where vO is the velocity that the pole O would have if it was
fixed to the rigid body.
If q is the signed magnitude of the resultant force F (=q u)
of a force system, and the line (P, u) is the Poinsot’s central
axis of the same force system, the screw (wrench) will
represent the force system since it has the following static
meaning:
w
O
ˆ ⎡ ⎤= ⎢ ⎥⎣ ⎦
F
$
M
(3)
where MO is the resultant moment about the pole O of the
force system.
The reciprocal product, t wˆ ˆ$ $D , between a twist, t$ˆ , of the
set of the twists with pole O (motion space) and a wrench,
w$ˆ , of the set of the wrenches with pole O (wrench space) is
defined as follows:
t w O O
ˆ ˆ = ⋅ + ⋅$ $ F v M ωD (4)
Figure 3: Parallel manipulator with n limbs
The reciprocal product has the commutative and the
distributive properties. It has the physical meaning of
instantaneous virtual power that the system of forces,
represented by w$ˆ , introduces into a mechanical system
which performs the instantaneous rigid motion represented by
t$ˆ .
A twist, t$ˆ , is said to be reciprocal to a wrench, w$ˆ , and
vice versa if their reciprocal product, t wˆ ˆ$ $D , is equal to zero.
Since, for an instantaneous motion compatible with the joint,
the instantaneous virtual power introduced by the reaction
forces of a passive frictionless joint is zero, it can be stated
that, in a passive frictionless joint, the wrench that represents
the reactions in the joint is reciprocal to the twist that
represents the instantaneous relative motion between the links
connected by the joint.
II.B Identification of PW Limbs
Let us consider a generic parallel manipulator without
actuators (i.e. all the joints are passive joints) where the end
effector is connected to the frame through n limbs (Fig. 3),
and call mi the connectivity1 of the i-th limb (i=1,…,n).
Hereafter, without losing generality, all the limbs will be
assumed serial kinematic chains.
If only the i-th limb connected the end effector to the frame,
the instantaneous virtual motion of the end effector would be
represented by a twist, t ,i$ˆ , that can be expressed as follows:
i
t ,i ij t ,ij
j 1,m
ˆ ˆ
=
= α∑$ $ (5)
where αij is the virtual rate of the j-th joint variable of the i-th
limb; whereas t,ij$ˆ  is the twist that represents the motion, the
end effector would have, if all the αik for k=1,…,(j−1),
(j+1),…, mi, were equal to zero and αij was equal to 1. The
explicit expressions of the t,ij$ˆ  twists depend on the
architecture and the configuration of the i-th limb.
The force systems the i-th limb can exert on the end effector
are, of course, represented by wrenches, w,i$ˆ , that are all
reciprocal to t,i$ˆ . The generic wrench w,i$ˆ  can be represented
through a base of six independent screws, b$ˆ  for b=1,…, 6, as
follows:
w,i i b b
b 1,6
ˆ ˆ
=
= β∑$ $ (6)
1 The connectivity of a limb is the number of dof that the end effector
would have, if it was connected to the frame only by that limb. If the limb is a
serial kinematic chain, its connectivity will be equal to the number of joint
variables of the limb. Such a number is also equal to the number of one-dof
kinematic pairs, the limb would have, if all its multiple-dof pairs were
transformed into serial kinematic chain of one-dof pairs.
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where βib for b=1,…,6 are scalar coefficients.
By using (5) and (6), the reciprocity of w,i$ˆ  and t,i$ˆ  yields
the following analytic condition:
i
ij i b b t ,ij
j 1,m b 1,6
ˆ ˆ( ) 0
= =
⎡ ⎤α β =⎢ ⎥⎣ ⎦∑ ∑ $ $D (7)
Since the αij coefficients can take any arbitrary value,
condition (7) can be satisfied if and only if the following mi
conditions are matched:
i b b t ,ij
b 1,6
ˆ ˆ( ) 0
=
β =∑ $ $D                j=1,…,mi (8)
If the i-th limb architecture is known, condition (8) is a
system of mi linear equations in the six βib coefficients.
Provided that singular limb configurations are not considered,
system (8) brings to conclude that, if the connectivity mi is
greater than or equal to six, all the βib coefficients must be
zero (i.e. the i-th limb does not apply forces2 to the end
effector). Therefore, only limbs with connectivity mi less than
six can actually constrain the end effector motion.
According to (8), if mi is less than six, there will be (6 – mi)
coefficient βib that can be freely chosen in expression (6).
Therefore, the set of all the w,i$ˆ  wrenches constitutes a screw
system of order (6 – mi) which can be analytically expressed
as follows:
i
w,i i k ik
k 1,(6 m )
ˆ ˆ
= −
= γ∑$ $ (9)
where γik for k=1,…, (6 – mi) are free coefficients, and the ik$ˆ
are a set of (6 – mi) independent screws obtained by
introducing the solutions of system (8) into expression (6).
The force systems that all the limbs apply to the end
effector is represented by the following wrench system:
i
e i k ik
i 1,n k 1,(6 m )
ˆ ˆ
= = −
= γ∑ ∑$ $ (10)
The parallel manipulator is a parallel wrist if and only if the
wrench system (10) coincides with the third-order screw
system, 
P
ˆ
F$ , that collects all the wrenches which represent a
force, FP, with line of action passing through the center of the
spherical motion, P. In order to make e$ˆ  coincide with P
ˆ
F$
the following relationship must hold:
2 External loads (i.e., gravity, inertia forces, etc.) applied to the limb’s links
are not considered, and all the joints are considered passive in the analyses
that bring to identify a limb architecture.
s
ik ik,s
s 1,3 s
ˆ
( )=
⎡ ⎤= δ ⎢ ⎥− ×⎣ ⎦∑
u
$
P O u
i=1,…,n;  k=1,…,(6–mi)   (11)
where δik,s for s=1,…,3 are suitable coefficients, and us for
s=1,2,3 are a set of three mutually orthogonal unit vectors.
In addition to (11), if the PW is non-overconstrained3, the
following condition must hold too:
i
i 1,n
(6 m ) 3
=
− =∑ (12)
Provided that the limbs (redundant limbs) with mi equal to
six or greater than six are not considered, relationship (12)
reveals that the non-overconstrained PWs without redundant
limbs can be collected into two sets: (a) the ones with three
limbs with connectivity 5, and (b) the ones with two limbs:
one with connectivity 4 and the other with connectivity 5.
Once the connectivity and the topology of the i-th limb are
chosen, the generic expressions of the ik$ˆ  can be computed by
solving system (8). Such expressions will contain the
geometric parameters and the joint variables of the limb. And,
by imposing that the computed ik$ˆ  expressions satisfy
relationship (11), the geometric conditions (i.e. the
manufacturing and mounting conditions) that a limb with the
chosen topology must satisfy to be used as a PW limb are
found.
Such technique is general and can be used to answer to
questions like “which are the PW limbs with only prismatic
and revolute pairs?”. This and other related problems have
been investigated with this technique in [12].
III. USE OF THE GROUP THEORY
III.A. Basic Concepts
A group is a set, say {A}, with an associative binary
operation, •, so defined that (i) a1•a2 always exists and is an
element of {A} for any couple, a1 and a2, of elements of {A},
(ii) the identity element, e, of the operation • is an element of
{A}, and (iii) each a∈{A} has an inverse element a–1∈{A}.
The set of rigid-body displacements (motions), {D}, is a
six-dimensional group where the associative binary operation,
•, is the composition law of two displacements. The generic
element of {D} or of one out of its subgroups can be
analytically represented by the screw identifying the finite or
infinitesimal motion belonging to the subgroup. The
dimension of a displacement subgroup is the number of
independent scalar parameters that, in the analytic expression
of the generic-element’s screw, must be varied to generate all
3 A parallel manipulator whose dof number coincide with the one
computed through the Grübler-Kutzbach rule is called non-overconstrained.
On the other side, parallel manipulators which violate the Grübler-Kutzbach
rule are called overconstrained.
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the screws of the subgroup.
In addition to the identity subgroup, {E}, that corresponds
to absence of motion, {D} contains ten motion subgroups [16,
17] with dimension greater than zero and less than six:
(a) Subgroups of dimension 1:
(a.1) linear translation subgroup, {T(u)}, that collects all
the translations parallel to the unit vector u. As many {T(u)}
as unit vectors, u, can be defined. A prismatic pair with
sliding direction parallel to u physically generates the motions
of {T(u)}.
(a.2) revolute subgroup, {R(P, u)}, that collects all the
rotations around an axis (rotation axis) passing through point
P and parallel to the unit vector u. As many {R(P, u)} as
rotation axes, (P, u), can be defined. A revolute pair with
rotation axis (P, u) physically generates the motions of {R(P,
u)}.
(a.3) helical subgroup, {H(P, u, p)}, that collects all the
helical motions with axis (P, u) and finite pitch p that is
different from zero and constant. As many {H(P, u, p)} as sets
of helix parameters, (P, u, p), can be defined. A helical pair
(hereafter denoted with H) with helix parameters (P, u, p)
physically generates the motions of {H(P, u, p)}.
(b) Subgroups of dimension 2:
(b.1) planar translation subgroup, {T(u1, u2)}, that collects
all the translations parallel to a plane perpendicular to u1×u2
where u1 and u2 are two orthogonal unit vectors. As many
{T(u1, u2)} as unit vectors u1×u2 can be defined.
(b.2) cylindrical subgroup, {C(P, u)}, that collects all the
motions obtained by combining a rotation around a rotation
axis (P, u) and a translation parallel to the unit vector u. As
many {C(P, u)} as (P, u) axes can be defined. A cylindrical
pair (hereafter denoted with C) with axis (P, u) physically
generate the motions of {C(P, u)}.
(c) Subgroups of dimension 3:
(c.1) spatial translation subgroup, {T}, that collects all the
spatial translations. Only one subgroup {T} can be defined.
(c.2) spherical subgroup, {S(P)}, that collects all the
spherical motions with center P. As many {S(P)} as P points
can be defined. A spherical pair (hereafter denoted with S)
with center P physically generate the motions of {S(P)}.
(c.3) planar subgroup, {G(u1, u2)}, that collects all the
planar motions with motion plane perpendicular to u1×u2
where u1 and u2 are two orthogonal unit vectors. As many
{G(u1, u2)} as unit vectors u1×u2 can be defined.
(c.4) pseudo-planar subgroup, {Y(u1, u2, p)}, that collects
all the motions obtained by combining a planar translation
belonging to {T(u1, u2)} with a helical motion belonging to
{H(P, u1×u2, p)}.
(d) Subgroups of dimension 4:
(d.4) Schoenflies subgroup, {X(u1, u2)}, that collects all the
motions obtained by combining a planar translation belonging
to {T(u1, u2)} with a cylindrical motion belonging to {C(P,
u1×u2)}.
A kinematic chain is called mechanical bond when it
connects one rigid body to another so that the relative motion
between the two bodies is constrained. A mechanical bond is
called mechanical generator when all the allowed relative
motions between the two bodies belong to only one out of the
ten subgroups of {D}.
III.B. Identification of PW Limbs
If the end effector was connected to the frame only by the i-
th limb, the generic element, li, of the set, {Li}, of the
displacements, the end effector can perform, could always be
expressed as follows
i ii i1 i2 i (m 1) i m
l a a a a−= • • • •" (13)
where aij for j=1,…,mi is a generic element of the set, {Aij}, of
the displacements the j-th joint4 of the i-th limb allows.
The existence of relationship (13) between the elements of
{Li} and the elements of the mi sets, {Aij}, can be reminded by
introducing the following notation:
i ii i1 i2 i (m 1) i m
{L } {A } {A } {A } {A }−= • • • •" (14)
The set, {M}, of the displacements that the end effector of a
parallel manipulator with n limbs can perform is a connected
subset of the intersection of all the {Li} sets, that is:
i
i 1,n
{M} {L }
=
⊂ ∩ (15)
If {M} is a subset of a spherical subgroup, {S(P)}, then the
parallel manipulator is a PW. Therefore, it is necessary the
existence of a connected subset, {Si}, of {Li} that is a subset
of the spherical subgroup, {S(P)}, too, in order that the i-th
limb can be a PW limb. By imposing this condition, PW limbs
can be identified; whereas, by imposing that {M} is a subset
of {S(P)}, PW architectures can be identified.
This scheme has been used in [7, 10, 14, 15] to identify PW
limbs and PW architectures.
IV. OTHER APPROACHES
Many other approaches have been used to demonstrate that
specific parallel manipulator topologies could be used as PW
architectures. In this section, some of them are presented.
An approach different from the previous ones has been used
in [8, 9]. This approach uses the velocity-loop equations. The
use of the velocity-loop equations consists in writing n times
both the end-effector angular velocity, ω, and the velocity, vP,
of the end-effector point, P, which is candidate for being the
center of the end-effector’s spherical motion, by exploiting the
kinematic properties of the n limbs. So doing n expressions of
4 It has been assumed that the limb’s joints are numbered from the frame to
the end effector.
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the couple of vectors (ω, vP) are obtained where the i-th
expression, i=1,…,n, is a linear combination of the joint rates
of the i-th limb. The analysis of these (ω, vP) expressions is
sufficient to determine the geometric conditions that each limb
has to satisfy in order to make (i) all the n expressions
compatible, and (ii) the velocity vP equal to zero. Since this
approach deduces geometric conditions by analysing the
instantaneous end-effector motion, the characteristics of the
finite end-effector motion are stated by demonstrating that
those conditions are sufficient to warranty an infinite sequence
of instantaneous motion of the same type provided that no
singular configuration is encountered.
The use of the velocity-loop equations could be used as a
general technique to find and/or enumerate PW topologies,
but its implementation for this aim is much more complex
than the implementation of the methods presented in the
previous section. On the other side, it gives much more pieces
of information, about the instantaneous behavior of a specific
architecture, than other methods, and it is specially
recommended to find all the PW singularities since it
considers all the joint rates of the PW.
In [11], it has been demonstrated that, if three non-aligned
points of a rigid body are constrained to move on concentric
spheres, the rigid body will be constrained to perform only
spherical motion. This demonstration can be used for finding
PW architectures by assembling limbs that constrain an end
effector point to lie on a sphere. In [11], it has been used to
propose the 3-RRS wrist (Fig. 4).
Once a PW limb has been identified, other PW limbs can be
generated. Indeed, by connecting two adjacent links of a PW
limb, for instance the ones joined by the j-th joint, through a
kinematic chain that, together with the j-th joint, yields a
single loop with one dof, the added kinematic chain does not
modify the type of motion that the end effector can perform.
Moreover, the configuration of the one-dof loop built around
the j-th joint is uniquely determined by the j-th joint variable,
and, vice versa, the relative pose between the links is uniquely
determined by the configuration of the added kinematic chain.
Figure 4: The 3-RRS wrist
Therefore, by removing the j-th joint, the added kinematic
chain is able to keep the mobility constraint between the two
links due to the j-th joint, and the resulting limb architecture is
a new PW limb. This procedure has been used in [13].
Finally, new PW architectures can be obtained by adding
limbs with connectivity six to already identified parallel or
serial wrist architectures. The added limbs can contain
actuated joints, as same as the already present in the original
wrist architecture. Therefore, such a practice can be used to
redistribute the actuators in a more convenient way. This
principle can be seen as the one that generated the S-3UPS
wrist (Fig. 2) from a simple spherical pair that connects the
end effector to the frame.
V. CONCLUSION
Many architectures for PW limbs have been recently
proposed by using either the screw theory or the group theory.
Nevertheless, these are not the only tools that bring to identify
architectures suitable for being PW limbs. Moreover, once a
limb architecture or a PW architecture has been identified,
simple reasoning can be used to generate new limb
architectures or new PW architectures.
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